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Starting from an extended mapping approach, a new type of variable separation solution with
arbitrary functions of the (2+1)-dimensional dispersive long water-wave (DLW) system is derived.
Then based on the derived solution, we reveal some new types of loop solitons such as bell-like
loop solitons and peak-like loop solitons in the (2+1)-dimensional DLW system. – PACS numbers:
05.45.Yv, 03.65.Ge
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1. Introduction

In recent studies of higher-dimensional physical
models, much effort has been focused on single-valued
localized excitations [1 – 4]. However, in various real
cases, it is impossible to describe the natural world
by single-valued functions only. For instance, there
are many complicated folded phenomena such as the
folded protein, the folded brain, the folded skin sur-
faces, and many other kinds of folded biologic systems
in the real world. To study these complicated folded
natural phenomena is very difficult. Actually, at the
present stage, it is impossible to give a complete view
on these complicated folded natural phenomena. For-
tunately, some research progresses in this aspect have
been made and there have been some interesting re-
ports on stable multiple valued solitary waves (folded
in all directions) via multiple valued functions [5, 6].
Nevertheless, the real world shows rich and color-
ful structures and may exhibit intricate structures like
semifolded ones, which can be described by neither
single valued functions nor multiple valued functions
only. For example, some localized structures such as
ocean waves may fold in one direction, say x, and lo-
calize in a usually single valued way in another direc-
tion, say y. In our recent papers [7], we have success-
fully derived a new type of semifolded localized coher-
ent structure by means of a Painlevé-Bäcklund trans-
formation. Now an important and interesting problem
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is: Are there similar and/or new semifolded localized
coherent structures in other physical models? In par-
ticular, can we derive the semifolded localized excita-
tions via other methods such as reduction theory and/or
mapping approach [8, 9]? In the present work, our con-
cern is with the new semifolded localized excitations
and their evolution properties in (2+1)-dimensions for
the dispersive long water-wave (DLW) system

uyt + vxx + uxuy + uuxy = 0, (1)

vt +(uv)x + uxxy = 0, (2)

via a mapping approach. The DLW system was first de-
rived by Boiti et al. [10] as a “weak” lax pair. In [11],
Paquin and Winternitz showed that the symmetry alge-
bra of (1) and (2) is infinite-dimensional and is a Kac-
Moody-Virasoro structure. Some special similarity so-
lutions are also given in [11] by using symmetry alge-
bra and classical theoretical analysis. The more general
symmetry algebra, W∞, is given in [12]. In [13], Lou
gave nine types of two-dimensional similarity reduc-
tions and thirteen types of ordinary differential equa-
tion reductions. In [14], Lou has shown that the DLW
system has no Painlevé property, though the system
is Lax or IST integrable. Abundant propagating local-
ized excitations have also been derived by Lou and
Zhang [15, 16] with use of the Painlevé analysis and
a multilinear variable separation approach. However,
to the best of our knowledge, its semifolded localized
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structures obtained by a mapping approach were not
reported in previous literature.

2. New Exact Solutions to the (2+1)-Dimensional
DLW System

In this section, we will give a quite general solution
to (1) and (2) via an extended mapping approach [17].
For simplicity, we first introduce a variable transforma-
tion derived from a standard truncated Painlevé expan-
sion [2]. Substituting v = uy into (1) and (2) yields the
equivalent equation

uty + uxxy + uxuy + uuxy = 0. (3)

Then taking a balancing procedure similar to [17],
we suppose an ansatz for (3):

u = f + gφ(w)+ kφ−1(w), (4)

where f , g, k and w are functions of {x,y,t} to be de-
termined, φ is a function of w solving the Riccati equa-
tion: dφ

dw = σ + φ2(w), where σ is an arbitrary con-
stant. Substituting (4) together with the Riccati equa-
tion into (3) and collecting the coefficients of polyno-
mials of φ , then setting each coefficient to zero, yields
a set of partial differential equations of f , g, k, and w.
After calculations with Maple, we obtain exact solu-
tions as follows:

f = −wxx + wt

wx
, g = −2wx, k = 2σwx,

w = χ(x, t)+ ϕ(y),
(5)

where χ ≡ χ(x,t), ϕ ≡ ϕ(y) are two arbitrary variable
separated functions of {x,t} and y, respectively. Sub-
stituting the derived result (5) and the known solutions
of the Riccati equation [17] into the above ansatz (4)
and the variable transformation relation v = uy, yields a
new family of exact solution for the (2+1)-dimensional
DLW system.

Case 1. For σ < 0, we can derive the following soli-
tary wave solutions of the DLW system:

u1 = −
[√−σ tanh

(√−σ(χ + ϕ)
)

χt

+
√−σ tanh

(√−σ(χ + ϕ)
)

χxx

+ 2χ2
x σ tanh

(√−σ(χ + ϕ)
)2 + 2σ χ2

x

]

·
[
χx
√−σ tanh

(√−σ(χ + ϕ)
)]−1

,

(6)

v1 = 2

(
tanh

(√−σ(χ + ϕ)
)2 −1

)2
ϕyχxσ

tanh(
√−σ(χ + ϕ))2

, (7)

u2 = −
[√−σ coth

(√−σ(χ + ϕ)
)

χt

+
√−σ coth

(√−σ(χ + ϕ)
)

χxx

+ 2χ2
x σ coth

(√−σ(χ + ϕ)
)2 + 2σ χ2

x

]

·
[
χx
√−σ coth

(√−σ(χ + ϕ)
)]−1

,

(8)

v2 = 2

(
coth

(√−σ(χ + ϕ)
)2 −1

)2
ϕyχxσ

coth
(√−σ(χ + ϕ)

)2 , (9)

where χ ≡ χ(x, t), ϕ ≡ ϕ(y) are two arbitrary func-
tions of the indicated variables.

Case 2. For σ > 0, we can obtain the following pe-
riodic wave solutions of the DLW system:

u3 =
[

tan
(√

σ(χ + ϕ)
)

χt + tan
(√

σ(χ + ϕ)
)

χxx

+ 2χ2
x

√
σ tan

(√
σ(χ + ϕ)

)2 −2χ2
x

√
σ

]

·
[
χx tan

(√
σ (χ + ϕ)

)]−1
,

(10)

v3 = −2

(
1+ tan

(√
σ(χ + ϕ)

)2
)2

ϕyχxσ

tan
(√

σ(χ + ϕ)
)2 , (11)

u4 =
[
− cot

(√
σ(χ + ϕ)

)
χt − cot

(√
σ(χ + ϕ)

)
χxx

+ 2χ2
x

√
σ cot

(√
σ(χ + ϕ)

)2 −2χ2
x

√
σ

]

·
[
χx cot

(√
σ(χ + ϕ)

)]−1
,

(12)

v4 = −2

(
1+ cot

(√
σ(χ + ϕ)

)2
)2

ϕyχxσ

cot
(√

σ(χ + ϕ)
)2 , (13)

with two arbitrary functions χ(x, t) and ϕ(y).

Case 3. For σ = 0, we can derive the following vari-
able separation solution of the DLW system:

u5 = −χt χ + χtϕ + χxxχ + χxxϕ −2χ2
x

χx(χ + ϕ)
, (14)

v5 = −2
ϕyχx

(χ + ϕ)2 , (15)

with two arbitrary functions χ(x, t) and ϕ(y).
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3. Bell-Like and Peak-Like Loop Solitons in the
(2+1)-Dimensional DLW System

In this section, we discuss some interesting localized
coherent structures for the DLW system. For brevity in
the following discussion, we mainly discuss the vari-
able separation solution expressed by v5 in Case 3,
namely

v ≡ v5 = −2
χxϕy

(χ + ϕ)2 . (16)

Certainly, one can also discuss the solitary wave so-
lution expressed by v1 similar to [17], i. e., v =

2 (tanh(
√−σ(χ+ϕ))2−1)2ϕyχxσ
tanh(

√−σ(χ+ϕ))2 . Because of the arbitrari-

ness of the functions χ(x,t) and ϕ(y) included in
the above solution, the physical field v may possess
rich localized structures of coherent solitons [2, 3, 17].
For example, when χ(x,t) = kx + ct and ϕ(y) = ly,
where k, c, l are arbitrary constants, we can obtain
one of the simplest travelling solitary wave excita-
tions. Meanwhile we may also derive a rich set of non-
travelling wave excitations. For instance, when the ar-
bitrary functions are selected to be χ(x,t) = α(x) +
τ(t) and ϕ(y) = γ(y), where α , τ , γ are also arbitrary
functions of the indicated arguments, then we can ob-
tain many kinds of non-propagating solitary wave so-
lutions such as dromions, peakons, rings, compactons.
Furthermore if τ(t) is considered to be a periodic func-
tion or a solution of a chaotic dynamics as e.g. the
Lorenz chaos system, then the non-propagating soli-
tons may possess periodic or chaotic behaviors, which
are neglected in the present paper because similar re-
sults have been reported already in [17].

3.1. Bell-Like Loop Solitons in the DLW System

Let us pay now our attention to the solution v5 ex-
pressed by (16) and discuss its semifolded localized
structures which may exist in certain situations [18],
when the arbitrary function ϕ is chosen to be a suitable
single-valued function while the function χ is selected
via the relations

χx =
M

∑
i=1

κ j(ζ + d jt),

x = ζ +
M

∑
i=1

ε j(ζ + d jt),

χ =
∫ ζ

χxxζ dζ ,

(17)
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Fig. 1. (a) A semifolded localized structure, i.e, a bell-like
loop solition of the physical field v expressed by (16) with
condition (18) at time t = 0. (b) A sectional view related
to (a) at y = 1. (c) A sectional view related to (a) at x = 0.

where d j ( j = 1,2, . . . ,M) are arbitrary constants
and {κ j,ε j} are localized excitations with properties
κ j(±∞) = 0, ε j(±∞) = consts. From (17), we know
that ζ may be a multi-valued function in some suitable
regions of x by selecting the functions ε j appropriately.
For instance, when

χx = sech2(−ζ + t),
x = −ζ −1.5tanh(−ζ + t),

ϕ = 10− tanh3(y),

(18)

we can obtain a semifolded localized excitation look-
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Fig. 2. Evolution of interaction between two bell-like loop solitions of the physical field v expressed by (16) with condi-
tion (19) at times: (a) t = −6; (b) t = 0; (c) t = 5; (d) t = 6. (e) A sectional view related to (a) at y = 1. (f) A sectional view
related to (d) at y = 1.

ing like a bell-like loop solition presented in Figure 1.
From Fig. 1, one can find that the semifolded localized
structure possesses some novel properties, which fold
in the x direction and localize in a single-valued way
in the y direction like a bell, so we call them bell-like
loop solitons.

Let us discuss some interesting evolutional behavior
of the novel semifolded solitary waves. For simplic-
ity, we consider a simple case: interaction between two
moving loop solitons. For instance, when choosing

χx = sech2(ζ )+ sech2(ζ − t),

x = −ζ + 1.5tanh(ζ )+ 1.5tanh(ζ − t),

ϕ = 10− tanh3(y),

(19)

we can obtain a two-semifolded localized excitation
with position shift depicted in Figure 2. In terms of
Fig. 2 and by theoretical analysis, we can find that
the interaction between the two loop solitons is com-
pletely elastic since their amplitudes, velocities and
wave shapes do not undergo any change after their col-
lision.

3.2. Peak-Like Loop Solitons in the DLW System

Along the above line, one can obtain some peak-
like loop solitons [18] for the field v (16) when χ
is chosen an appropriate piecewise smooth function
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Fig. 3. Time evolution of the interaction between two peak-like loop solitons of the field v expressed by (16) under the
conditions (22) at different times: (a) t = −5; (b) t = 0; (c) t = 5; (d) t = 6. (e) A sectional view related to (a), (b) and (c)
at y = 0: dotted line, (a); dashed line, (b); and solid line, (c). (f) A sectional view related to (b) at x = 0.1.

of (x, t)

χ = A+
M

∑
i=1




hi(x+ dit), x+ dit ≤ 0,

−hi[−(x+ dit)]+ 2hi(0),
x+ dit > 0.

(20)

A is an arbitrary constant, while ϕ is chosen as an ap-

propriate multi-valued function of y:

ϕy =
N

∑
j=1

g j(η), y = η +
N

∑
j=1

Yj(η),

ϕ =
∫ η

ϕyyηdη .

(21)

Here g j, Yj are localized functions of η . From (21), one
knows that η may be a multi-valued function in some
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suitable regions of y by selecting the functions Y j ap-
propriately. Correspondingly, the function ϕ y may be
a multi-valued function of y in these ranges. For in-
stance, if taking the arbitrary functions χ(x,t) and ϕ(y)

χ = −20−
∫ x

e−|(x+t)|dx−3
∫ x

e−|(x−2t)|dx,

ϕ =
∫ η

ϕyyηdη ,

ϕy = sech(θ ), y = θ −2tanh(θ ),

(22)

for the solution v expressed by (16), then we can find
another new type of solitary excitation, a peak-like
loop excitation shown in Figure 3. From Fig. 3, one
can find that the two new loop solitons possess some
interesting properties, which fold in the y direction and
localize in a single-valued way in the x direction look-
ing like a peak, so we call them peak-like loop soli-
tons. Moreover, by an analysis similar to Fig. 2, we
find that the interaction between the two peak-like loop
solitons is not completely elastic since their amplitudes
and wave shapes are changed after their collision even
though their velocities are completely preserved.

4. Summary and Discussion

In summary, by means of an extended mapping ap-
proach, the (2+1)-dimensional DLW system is success-
fully solved. Based on the derived new type of variable

separation solution technique with arbitrary functions,
we reveal two new types of localized coherent exci-
tations, bell-like loop soliton and peak-like loop soli-
ton for the DLW system. Some interesting evolutional
properties for the bell-like loop solitons and peak-like
loop solitons are briefly disscussed. The results show
that the interactions between bell-like loop solitons
are completely elastic because their amplitudes, veloc-
ities and wave shapes are not undergoing any change
after collision, while the interactions between peak-
like loop solitons are not completely elastic. We ex-
pect that the results obtained here may be useful in fu-
ture studies on the intricate natural world, as well as
hope that the approach applied in the present work may
be extended in the future to other nonlinear physical
systems.
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